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Wklv sdshu vwxglhv wkh pdunhw srzhu ri jhqhudwruv lq wkh hohfwulflw| pdunhw zkhq wudqvplv0
vlrq fdsdflw| lv vfdufh1 Zh frqvlghu d vlpsoh zruog ri wzr jhqhudwruv surylglqj hohfwulflw| wr
wkhlu frqvxphuv wkurxjk d vlqjoh wudqvplvvlrq olqh1
Lq wkh olwhudwxuh/ gl￿huhqw Frxuqrw htxloleulxp frqfhswv kdyh ehhq ghyhorshg1 Wklv sdshu
dssolhv wkhvh frqfhswv dqg h{sodlqv wkh lpsolflw dvvxpswlrqv rq wkh ehkdylru ri wkh V|vwhp
Rshudwru pdgh lq wkrvh sdshuv1
Zh vkrz wkdw wkhvh lpsolflw dvvxpswlrqv duh qrw uhdolvwlf1 Iru dq dowhuqdwlyh uroh ri wkh
V|vwhp Rshudwru/ zh vroyh wkh Frxuqrw htxloleulxp dqg frpsduh wkh rxwfrph1 Ixuwkhupruh/
zh vkrz wkdw wkh d{lrpdwlf htxloleulxp frqfhsw ri Vphhuv dqg Zhl +4<<:, lv olqnhg zlwk wkh
prgho ri Ruhq +4<<:, dqg fdq dovr eh gh￿qhg dv d Qdvk Htxloleulxp1
WWklv uhvhdufk kdv ehhq ixqghg e| wkh Ixqg iru Vflhqwl￿f Uhvhdufk 0 Iodqghuv/ surmhfw qxpehu J136771331
Iru khosixo glvfxvvlrqv dqg frpphqwv L wkdqn Jxlgr Shshupdqv/ Vwhi Surrvw/ Sdwulfn Ydq Fd|vhhoh dqg Lvdeho
Ydqvwhhqnlvwh1 Wklv sdshu kdv ehhq suhvhqwhg dw wkh Dqqxdo Hxurshdq Hqhuj| Frqihuhqfh 5333 +Ehujhq/ Qruzd|,1
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54 Lqwurgxfwlrq
Pdq| frxqwulhv duh fxuuhqwo| olehudol}lqj wkhlu hohfwulflw| lqgxvwulhv1 Wklv surfhvv lv xvxdoo| ylhzhg
dv d vkliw iurp wljkw uhjxodwlrq ri yhuwlfdoo| lqwhjudwhg prqrsrolhv wr oljkw uhjxodwlrq ri ixqfwlrq0
doo| vhsdudwhg ￿upv1 Wklv vkliw kdv ehhq mxvwl￿hg e| fkdqjhv lq whfkqrorj|/ vxfk dv glplqlvkhg
hfrqrplhv ri vfdoh lq hohfwulflw| jhqhudwlrq1
Wr hqkdqfh frpshwlwlrq/ prvw frxqwulhv vhsdudwh wkh wudqvplvvlrq vhuylfhv iurp wkh jhqhudwlrq
dfwlylwlhv1 Wkh Hxurshdq gluhfwlyh iruhvhhv wkh xqexqgolqj ri wkh hohfwulflw| vhfwru lq jhqhudwlrq/
wudqvplvvlrq/ dqg glvwulexwlrq1
41 Jhqhudwlrq lv wkh surgxfwlrq ri hohfwulflw| e| d pl{wxuh ri prvwo| odujh srzhu sodqwv1 Do0
wkrxjk rqo| d ihz odujh jhqhudwruv h{lvw/ frqwhvwdelolw| ri wkh hohfwulflw| pdunhw lv ylhzhg
vx!flhqw wr olplw pdunhw srzhu1
51 Wudqvplvvlrq lv wkh wudqvsruw ri hohfwulflw| ryhu wkh kljk yrowdjh julg1 Prvw jhqhudwruv duh
gluhfwo| frqqhfwhg wr wklv julg/ dv duh odujh lqgxvwuldo frqvxphuv1 Vlqfh hfrqrplhv ri vfdoh lq
wudqvplvvlrq vhuylfhv duh odujh/ wudqvplvvlrq lv d qdwxudo prqrsro|1 Ehvlghv wkdw/ uholdelolw|
frqfhuqv uhtxluh d forvh frruglqdwlrq1 Wkhuhiruh/ lq doo frxqwulhv zh kdyh d vlqjoh/ uhjxodwhg
￿up ￿ wkh V|vwhp Rshudwru ￿ rshudwlqj wkh wudqvplvvlrq julg1
61 Glvwulexwlrq lv wkh orfdo/ orz yrowdjh surylvlrq ri hohfwulflw| iru vpdoo xvhuv1 Wkh Hxurshdq
gluhfwlyh grhv qrw reoljh wkh phpehu frxqwulhv wr rujdql}h frpshwlwlrq lq glvwulexwlrq1
Lq wklv sdshu zh vwxg| wkh lpshuihfw frpshwlwlrq lq wudqvplvvlrq fdsdflw| dqg jhqhudwlrq1 Wkh
fdsdflw| ri wudqvplvvlrq olqhv lv olplwhg e| whfkqlfdo frqvwudlqwv1 Lw fdqqrw eh h{whqghg hdvlo| vlqfh
exloglqj wudqvplvvlrq olqhv wdnhv d orqj wlph/ dqg wkhuh lv d vwurqj rssrvlwlrq e| hqylurqphqwdolvwv1
Wkhuhiruh/ wkh rshqlqj ri wkh hohfwulflw| pdunhw zloo eh olplwhg e| wudqvplvvlrq fdsdflw| lq wkh
qh{w whq wr ￿iwhhq |hduv1
Zh dvvxph wkdw wkh hohfwulflw| pdunhw lv fhqwudoo| rujdql}hg/ wklv phdqv wkdw wkh V|vwhp
Rshudwru rzqv dqg doorfdwhv doo wudqvplvvlrq fdsdflw|14 Wklv vhwwlqj lv hdvlhu wr prgho wkdq wkh
ghfhqwudol}hg v|vwhp/ zkhuh zh h{solflwo| kdyh wr vshfli| wkh pdunhw iru wudqvplvvlrq uljkwv1
Pdq| dxwkruv vwxglhg wklv sureohp e| exloglqj Frxuqrw w|sh ri prghov1 Exw wkh| gr qrw
rewdlq wkh vdph uhvxowv qru gr wkh| vshfli| wkhlu dvvxpswlrqv1 Lq sduwlfxodu/ wkh| gr qrw foduli|
wkh uroh ri wkh V|vwhp Rshudwru1
Wkh dlp ri wklv sdshu lv wr dsso| wkh gl￿huhqw prghov wr d vlpsoh hohfwulflw| pdunhw zlwk rqh
wudqvplvvlrq olqh1 Wklv doorzv xv wr fodvvli| wkhvh prghov/ lq ixqfwlrq ri wkh suhflvh uroh ri wkh
4Vhfwlrq 5 h{sodlqv wkh gl￿huhqfh ehwzhhq wkh ghfhqwudol}hg dqg wkh fhqwudol}hg rujdql}dwlrq1
6V|vwhp Rshudwru1 Dgglwlrqdoo|/ zh irupxodwh vrph dowhuqdwlyh dvvxpswlrqv iru wkh ehkdylru ri
wkh V|vwhp Rshudwru dqg h{dplqh krz wklv d￿hfwv wkh uhvxowv1
Vwuxfwxuh ri wkh sdshu Lq vhfwlrq 5 zh zloo vxppdul}h wkh uhohydqw olwhudwxuh ri lqgxvwuldo
hfrqrplfv lq wkh hohfwulflw| pdunhw1 Lq vhfwlrq 6 zh suhvhqw d vlpsoh sureohp ri d jhqhudwlrq
roljrsro| rq d julg zlwk rqo| rqh wudqvplvvlrq olqh1 Vhfwlrq 7 vwxglhv wzr prghov zkhuh wkh
V|vwhp Rshudwru grhv qrw vhw wudqvplvvlrq sulfhv/ exw doorfdwhv wudqvplvvlrq fdsdflw|1 Lq vhfwlrq
8/ zh orrn dw prghov zkhuh wkh V|vwhp Rshudwru erwk vhwv wudqvplvvlrq sulfhv dqg doorfdwhv
wudqvplvvlrq fdsdflw|1 Vhfwlrq 9 frqfoxghv wkh sdshu1
5 Olwhudwxuh Uhylhz
Edvlfdoo| wzr dowhuqdwlyh rujdql}dwlrqdo vwuxfwxuhv h{lvw lq wkh hohfwulflw| pdunhw= wkh ghfhqwudol}hg
v|vwhp dqg wkh fhqwudol}hg v|vwhp1 Lq sudfwlfh d pl{wxuh ri erwk v|vwhpv lv frpprqo| xvhg1
Ghfhqwudol}hg V|vwhp5 Lq wkh ghfhqwudol}hg v|vwhp/ wkh pdunhw lv uhvsrqvleoh iru ghwhuplqlqj
hohfwulflw| sulfhv dqg wudqvplvvlrq sulfhv1 Wzr pdunhwv h{lvw= rqh iru hohfwulflw|/ zkhuh hohfwulflw|
sulfhv duh vhw/ dqg dqrwkhu iru wudqvplvvlrq fdsdflw|/ zkhuh wudqvplvvlrq sulfhv duh vhw1 Wkh
V|vwhp Rshudwru lv uhvsrqvleoh iru wkh vdihw| rq wkh julg1 H{dpsohv ri ghfhqwudol}hg pdunhwv fdq
eh irxqg lq wkh Qhwkhuodqgv/ wkh Qruglf frxqwulhv/ dqg lq Fdoliruqld16
Fhqwudol}hg V|vwhp7 Lq wkh fhqwudol}hg v|vwhp/ sulfhv duh qrw ghwhuplqhg e| wkh pdunhw1 Wkh
jhqhudwruv dqg wkh frqvxphuv dqqrxqfh wkh V|vwhp Rshudwru wkhlu zloolqjqhvv wr vxsso| dqg wr
frqvxph hohfwulflw|1 Wkh| gr wklv e| vxeplwwlqj d Vxsso| Ixqfwlrq ru d Ghpdqg Ixqfwlrq wr
wkh V|vwhp Rshudwru1 Wklv V|vwhp Rshudwru wulhv wr dfklhyh pdunhw htxloleulxp1 E| vroylqj d
frpsoh{ rswlpl}dwlrq sureohp/ wkhuhe| wdnlqj lqwr dffrxqw doo frqvwudlqwv/ kh ghflghv xsrq wkh
txdqwlwlhv ri frqvxpswlrq dqg jhqhudwlrq1 Kh vhwv wkh sulfhv ri hohfwulflw| dqg wudqvplvvlrq htxdo
wr wkh gxdo ydoxhv ri wkh frqvwudlqwv1 Lq wkh fhqwudol}hg v|vwhp/ wkh V|vwhp Rshudwru sod|v wkh
uroh ri dq dxfwlrqhhu1 Jhqhudwruv dqg Frqvxphuv wudgh zlwk wkh V|vwhp Rshudwru dqg qrw gluhfwo|
zlwk hdfk rwkhu1 H{dpsohv ri fhqwudol}hg rshudwlrq duh wkh iruphu Hqjodqg ) Zdohv pdunhw/ dqg
wkh Qdwlrqdo Dxvwudoldq pdunhw1
Zh uhylhz rqo| wkh olwhudwxuh ri wkh fhqwudol}hg pdunhw rujdql}dwlrq1 Iluvw zh orrn dw frpsh0
wlwlrq lq jhqhudwlrq/ diwhu wkdw dw frpshwlwlrq lq jhqhudwlrq dqg wudqvplvvlrq1
5Fkdr dqg Shfn +4<<9, surylgh pruh lqirupdwlrq derxw wkh ghfhqwudol}hg rujdql}dwlrq ri wkh hohfwulflw| pdunhw1
6Yhu| ihz frxqwulhv kdyh h￿hfwlyho| lpsohphqwhg d wudqvplvvlrq pdunhw1
7Vfkzhssh/ Fdudpdqlv/ Wderuv dqg Erkq +4<;;, dqg Krjdq +4<<5, h{sodlq wkh fhqwudol}hg pdunhw1
7514 Frpshwlwlrq lq Jhqhudwlrq
Ehfdxvh ri wkh h{lvwhqfh ri wkh V|vwhp Rshudwru lq klv uroh ri dxfwlrqhhu/ zh fdq sxw vrph
lqvwlwxwlrqdo ghwdlo lq wkh prghov1 Ilupv vlpxowdqhrxvo| elg d vxsso| ixqfwlrq ￿ l1h1 d sulfh
txdqwlw| uhodwlrq ￿ wr wkh V|vwhp Rshudwru1
Wkh prghov irxqg lq wkh olwhudwxuh gl￿hu lq wkh w|sh ri vxsso| ixqfwlrq wkh| doorz iru= gl￿hu0
hqwldeoh vxsso| ixqfwlrqv ru vwhs vxsso| ixqfwlrqv18
Gl￿huhqwldeoh Vxsso| Ixqfwlrqv Wkh frqfhsw ri gl￿huhqwldeoh vxsso| ixqfwlrqv lv edvhg rq
Nohpshuhu dqg Ph|hu +4<;<,1 Wkh| vkrz wkdw zkhq wkh ghpdqg ixqfwlrq iru hohfwulflw| lv nqrzq
iru fhuwdlq dqg ￿upv dqqrxqfh d gl￿huhqwldeoh vxsso| ixqfwlrq/ dq lq￿qlwh qxpehu ri Qdvk htxl0
oleuld h{lvwv1 Krzhyhu/ zkhq wkh ghpdqg ixqfwlrq lv xqfhuwdlq/ wkh vxsso| ixqfwlrq kdv wr eh
dssursuldwh iru vhyhudo vlwxdwlrqv/ dqg wkh qxpehu ri htxloleuld glplqlvkhv19 Xqghu fhuwdlq frqgl0
wlrqv/ wkh gl￿huhqwldeoh vxsso| ixqfwlrq htxloleulxp ehfrphv xqltxh1
Juhhq dqg Qhzehuu| +4<<5, dsso| wkh prgho ri Nohpshuhu dqg Ph|hu iru wkh wzr odujhvw
jhqhudwruv lq wkh Hqjolvk pdunhw1: E| dgglqj dq rxwsxw frqvwudlqw iru hdfk jhqhudwru wkh| fdq
uhgxfh wkh vhw ri htxloleuld1 Ixuwkhupruh/ wkh| dvvxph wkdw wkh jhqhudwruv zloo frruglqdwh rq
wkdw htxloleulxp zklfk zrxog jlyh wkhp wkh kljkhvw wrwdo sur￿w1 Wkh prgho suhglfwv wkdw lq wkh
devhqfh ri wkuhdw ri hqwu| wkh wzr jhqhudwruv duh deoh wr vxvwdlq d qrq0frooxvlyh htxloleulxp lq
zklfk sulfhv duh zhoo deryh rshudwlqj frvwv1
Vwhs Vxsso| Ixqfwlrq Jhqhudwruv vxeplw dq r￿hu sulfh iru hdfk lqglylgxdo sodqw dw zklfk
wkh| duh zloolqj wr vxsso| wkhlu jlyhq fdsdflwlhv/ l1h1 wkh| r￿hu vwhs0vxsso| ixqfwlrqv1 Yrq ghu
Ihku dqg Kduerug +4<<6, dujxh wkdw wkh ￿vwhs ohqjwk￿ lv qrw vpdoo hqrxjk wr frqvlghu wkh vxsso|
ixqfwlrq dv d gl￿huhqwldeoh vxsso| ixqfwlrq1
Elgghuv r￿hulqj pruh wkdq rqh xqlw kdyh dq lqfhqwlyh wr lqfuhdvh wkhlu elgv dw kljk txdqwlwlhv1
Li d elg vhwv d kljk htxloleulxp sulfh/ lw dssolhv wr doo lqiudpdujlqdo xqlwv1 Zroiudp +4<<;, ￿qgv
hpslulfdo hylghqfh wkdw wklv lv wkh idfw lq wkh XN1
515 Frpshwlwlrq lq Jhqhudwlrq dqg Wudqvplvvlrq
Rqh ri wkh pdmru gudzedfnv ri wkh prghov phqwlrqhg deryh lv wkdw wkh| gr qrw lqfrusrudwh wkh
vsdwldo vwuxfwxuh ri wkh pdunhw1 Vlqfh wkh gluhfw frvwv ri wudqvplvvlrq duh vpdoo/ lqwurgxflqj wkhvh
8Lq wkh olwhudwxuh wkh htxloleulxp zlwk gl￿huhqwldeoh vxsso| ixqfwlrqv lv fdoohg wkh *vxsso| ixqfwlrq htxloleulxp*
dqg wkh prghov wkdw xvh d vwhs vxsso| ixqfwlrqv duh fdoohg *pxowl0xqlw dxfwlrqv*1
9Nohpshuhu dqg Ph|hu frqvlghu krul}rqwdo vkliwv ri wkh ghpdqg ixqfwlrq1
:Rwkhu vwxglhv xvlqj wklv prgho duh Erooh +4<<5,/ Qhzehuu| +4<<;,/ Juhhq +4<<9, dqg Uxgnhylfk/ Gxfnzruwk
dqg Urvhq +4<<;,1
8frvwv zrxog rqo| ohdg wr plqru fkdqjhv lq wkh uhvxowv1; Rq wkh rwkhu kdqg/ zkhq d olqh ehfrphv
frqjhvwhg lw zloo kdyh d odujh lq xhqfh rq wkh hohfwulflw| pdunhw1< Dv wkh gl￿huhqwldeoh vxsso|
ixqfwlrq dqg vwhs vxsso| ixqfwlrq prghov duh qrw +|hw, dssolfdeoh lq d pdunhw zlwk wudqvplvvlrq
frqvwudlqwv> prvw uhvhdufkhuv rsw iru d vruw ri Frxuqrw pdunhw1 Wkh| gurs vrph ri wkh lqvwlwxwlrqdo
frpsoh{lw| ri wkh dfwxdo pdunhw143 Zrodn dqg Sdwulfn +4<<9, vxjjhvw lq dq hpslulfdo vwxg| wkdw
Frxuqrw frpshwlwlrq lv dq dssursuldwh uhsuhvhqwdwlrq ri wkh pdunhw1 Wkh| dujxh wkdw wkh pdunhw
srzhu ri wkh grplqdqw jhqhudwruv lv pdqlihvwhg wkurxjk wkrvh jhqhudwruv ghfodulqj fhuwdlq sodqwv
xqdydlodeoh wr vxsso| lq fhuwdlq shulrgv1 Zh zloo vwxg| wkh Frxuqrw prghov ri Ruhq +4<<:,/ dqg
Vphhuv dqg Zhl +4<<:, lq pruh ghwdlo lq wklv sdshu144
6 Ghvfulswlrq dqg Fodvvlfdwlrq ri wkh Jdph1
Lq wklv vhfwlrq zh glvfxvv dqg fodvvli| wkh jdph xvhg lq wklv sdshu1 Wkh ￿uvw vxevhfwlrq ghvfulehv
wkh vhw0xs ri rxu jdph1 Wkh qh{w wzr vxevhfwlrqv h{dplqh wklv jdph zkhq wkh wudqvplvvlrq
fdsdflw| lv lq￿qlwh dqg zkhq lw lv ￿qlwh1 Lq wkh odvw vxevhfwlrq zh glvfxvv wkh uroh ri wkh V|vwhp
Rshudwru1
614 Ghvfulswlrq ri wkh Jdph
Zh zloo prgho wkh vlpsohvw wudqvplvvlrq julg srvvleoh= d vlqjoh wudqvplvvlrq olqh frqqhfwlqj wzr
jhqhudwruv lq flw| Qruwk +Q, zlwk hohfwulflw| frqvxphuv lq flw| Vrxwk +V,145
;Wkh gluhfw wudqvplvvlrq frvw lv dssur{lpdwho| 8 ( ri wrwdo hohfwulflw| frvw iru odujh frqvxphuv1
<Zkhq d olqh ehfrphv frqjhvwhg lw zloo kdyh dq lq xhqfh rq wkh hohfwulflw| pdunhw lq wzr zd|v1 +4, Zlwk frqjhv0
wlrq/ wkh hohfwulflw| pdunhw lv qr orqjhu d vlqjoh pdunhw zkhuh doo jhqhudwruv frpshwh zlwk hdfk rwkhu1 Lqvwhdg/ wkh
wudqvplvvlrq frqvwudlqw vhjphqwv wkh pdunhw lq orfdo glvwlqfw uhjlrqv/ lqfuhdvlqj wkh pdunhw srzhu ri wkh jhqhudwruv1
+5, Vlqfh wudqvplvvlrq fdsdflw| lv d vfdufh jrrg/ wkhuh lv d ulydou| iru wkh xvh ri wkh frqvwudlqhg olqh1 Jhqhudwruv
zkr kdyh wkh uljkw wr xvh wkh olqh fdq jhw d vfduflw| uhqw1
43Wkh Frxuqrw jdph frxog eh vhhq dv d jdph zkhuh wkh jhqhudwruv vxeplw yhuwlfdo vxsso| ixqfwlrqv wr wkh V|vwhp
Rshudwru1
44Lq d suhylrxv uhsruw +Zloohpv 5333, dovr wkh prgho ri Vwriw +4<<;, kdv ehhq vwxglhg1
Rwkhu vwxglhv xvlqj Frxuqrw frpshwlwlrq duh Vwriw +4<<:/ iruwkfrplqj,/ Eruhqvwhlq/ Exvkqhoo dqg Vwriw +4<<;,/
Eruhqvwhlq/ Exvkqhoo dqg Nqlwwho +4<<<,/ Eruhqvwhlq dqg Exvkqhoo +4<<<,/ Krjdq +4<<:,/ Fdughoo/ Klww dqg Krjdq
+4<<:,1
45E| fkrrvlqj rqo| wzr qrghv zh gr qrw fdwfk doo h￿hfwv ri wkh wudqvplvvlrq julg1 Sk|vlfdoo|/ dq hohfwulflw|  rz
fdq qrw eh gluhfwhg ryhu d vshfl￿f olqh/ exw glvwulexwhv lwvhoi ryhu doo olqhv ri wkh julg sursruwlrqdo wr wkh dgplwwdqfh
ri wkh olqhv1 Hohfwulflw| lv wkxv xvlqj doo olqhv dw wkh vdph wlph1 Wklv h￿hfw lv fdoohg *orrs  rz*1 Wr vwxg| orrs
 rz/ zh qhhg d julg zlwk dw ohdvw wkuhh qrghv/ dqg wkuhh wudqvplvvlrq olqhv1 Lw lv qrw |hw fohdu li orrs  rz zloo
ixqgdphqwdoo| fkdqjh wkh pdunhw srzhu ri wkh jhqhudwruv1
Dovr wkh orfdwlrq ri jhqhudwruv dqg frqvxphuv kdv d juhdw lpsdfw rq wkh rxwfrph ri wkh jdph1 +Vhh dsshqgl{ D1,
9Frqvxphuv duh sulfh wdnhuv zlwk d olqhdu lqyhuvh ghpdqg ixqfwlrq ￿+t,
￿+t,@d ￿ t> +4,
zklfk uhsuhvhqwv wkhlu zloolqjqhvv wr sd| +ZWS, iru hohfwulflw|1 Wklv ZWS fryhuv gholyhuhg hohf0
wulflw|/ l1h1 lw lqfoxghv wudqvplvvlrq frvwv1
Dq duelwudu| jhqhudwru lv suhvhqwhg e| wkh ohwwhu l dqg ohw ￿l ghqrwh wkh rwkhu jhqhudwru1
Wkh rxwsxw t￿ ri hdfk jhqhudwru lv qrw erxqghg e| whfkqlfdo olplwdwlrqv ri wkhlu jhqhudwlrq sodqwv
+t￿ 5 Un,1 Hdfk jhqhudwru kdv d frqvwdqw pdujlqdo frvw f￿= Wkh sur￿w ￿ ri ￿up l htxdov
￿￿ @ ￿ ￿ t￿ ￿ f￿ t￿> +5,
zkhuh ￿ lv wkh qhw sulfh wkdw wkh jhqhudwruv uhfhlyh iru wkhlu hohfwulflw|1 Lw lv wkh sulfh dw qrgh Q1
D vlqjoh wudqvplvvlrq olqh zlwk fdsdflw| n frqqhfwv flw| Q zlwk flw| V1 E| dvvxpswlrq wudqv0





Dv wudqvplvvlrq fdsdflw| lv olplwhg e| whfkqlfdo frqvwudlqwv/ lw fdq ehfrph vfdufh/ dqg kdyh dq
rssruwxqlw| frvw1 Wkh wudqvplvvlrq sulfh s wr wudqvsruw hohfwulflw| iurp Q wr V lv wkhq qrw qhfhvvdu|
}hur=
Wkh qhw sulfh wkdw wkh jhqhudwruv uhfhlyh +￿, lv wkh frqvxphuv sulfh ￿ plqxv wkh wudqvplvvlrq
sulfh s=
￿ @ ￿ ￿ s +7,
Gh￿qlqj wkh *frpshwlwlyhqhvv* ri d jhqhudwru dv46=
g￿ ￿ d ￿ f￿ +8,
dqg vxevwlwxwlqj ht1 7 klv sur￿w ￿￿ ehfrphv
￿￿ @+ g￿ ￿ s ￿ t, t￿= +9,
615 Lqqlwh Wudqvplvvlrq Fdsdflw|
Zkhq wkh wudqvplvvlrq fdsdflw| lv lq￿qlwh/ lw fdq qrw lq xhqfh wkh rxwfrph dqg wudqvplvvlrq sulfh
s zloo eh }hur1 Lq d Frxuqrw jdph/ hdfk ￿up kdv rqh ghflvlrq yduldeoh= wkh txdqwlw| t￿ surgxfhg1
46D frpshwlwlyh ￿up kdv d orz pdujlqdo frvw S￿1 Iru d prqrsrolvw _￿ fdq eh lqwhusuhwhg lq wzr gl￿huhqw zd|v=
+4, Lw lv wkh pd{lpdo rxwsxw wkdw wkh prqrsrolvw fdq jhqhudwh zlwkrxw pdnlqj orvvhv1 +5, Lw lv wzlfh wkh prqrsro|
rxwsxw ri wkh ￿up1
:Hdfk sod|hu pd{lpl}hv klv sur￿w ￿￿ wdnlqj wkh rxwsxw t3￿ ri wkh rwkhu sod|hu dv jlyhq=
pd{
^￿MUn ￿￿+t￿>t3￿, +:,








Wkh Qdvk0htxloleulxp lv wkh lqwhuvhfwlrq ri wkh wzr uhdfwlrq ixqfwlrqv1 Wkh htxloleulxp idoov dsduw
lq wkuhh glvwlqfw w|shv=
t￿ @
;
A A A ?



















2> ￿up l kdv vxfk d elj frvw glvdgydqwdjh wkdw lw fkrrvhv qrw wr surgxfh1
￿ Zkhq ￿
2 ? _￿
_3￿ ? 5> wkh pdujlqdo frvwv ri wkh ￿upv duh frpsdudeoh/ dqg zh jhw wkh *sxuh*
gxrsro| rxwfrph1
￿ Zkhq 5 ￿ _￿
_3￿> ￿up l lv vr frpshwlwlyh wkdw zkhq lw surgxfhv wkh prqrsro| rxwsxw _￿
2 wkh
uhvxowlqj sulfh lv orzhu wkdq wkh pdujlqdo frvwv ri ￿up ￿l1 Ilup l lv d gh0idfwr prqrsrolvw1
Wkh vroxwlrq w|sh wkxv ghshqgv xsrq wkh uhodwlyh frpshwlwlyhqhvv + _￿
_3￿, ri wkh wzr ￿upv1 Iljxuh
4 uhsuhvhqwv wkhvh gl￿huhqw w|shv lq wkh vsdfh ri wkh frvw sdudphwhu ￿ g @+ g￿>g 3￿,1
Wkh sur￿w ￿￿ dvvrfldwhg zlwk wklv htxloleulxp lv=
￿￿ @
;
A A A ?


















Wkh Frxuqrw jdph zlwk lq￿qlwh wudqvplvvlrq fdsdflw| lv rxu uhihuhqfh rxwfrph/ zh zloo uhihu wr lw
dv wkh *qrupdo* jdph1
616 Ilqlwh Wudqvplvvlrq Fdsdflw|
Zkhq wkh wudqvplvvlrq olqh kdv d ￿qlwh fdsdflw|/ wkh wudqvplvvlrq fdsdflw| pd| ehfrph vfdufh l1h1
ghpdqg iru wudqvplvvlrq pd| h{fhhg lwv vxsso|1 Doorfdwlrq ri wklv fdsdflw| wkxv ehfrphv fuxfldo1
Wkh Frxuqrw jdph zlwk wudqvplvvlrq frqvwudlqw lv gh￿qhg e| wkh yhfwru ri sdudphwhuv^g￿>g 3￿>n‘=
Lw lv frqyhqlhqw wr qrupdol}h wklv jdphv e| glylglqj txdqwlwlhv dqg sulfhv e| n/ dqg sur￿w e| n21
Zh zloo ghqrwh wkh qrupdol}hg yduldeohv e| fdslwdo ohwwhuv1 Wkh qrupdol}hg wudqvplvvlrq fdsdflw|
lv wkxv htxdo wr rqh +N @4 ,1
;d-i
di
d-i = 2 d-i





























Iljxuh 4= Uhsuhvhqwdwlrq ri wkh gl￿huhqw rxwfrphv lq wkh sdudphwhu vsdfh i+gl>g ￿l,j= Ilupv zlwk d odujh
frvw dgydqwdjh rewdlq d gh0idfwr prqrsro|1 Zkhq wkh uhodwlyh frvw gl￿huhqfhv duh vpdoo/ erwk
￿upv surgxfh/ dqg zh rewdlq wkh gxrsro| rxwfrph1
Zh douhdg| pdgh d ￿uvw fodvvl￿fdwlrq ri wkh Frxuqrw jdph= e| glvwlqjxlvklqj wkh sxuh gxrsro|/
dqg wkh gh idfwr prqrsrolvw +Vhh htxdwlrq <,1 Zh pdnh d vhfrqg fodvvl￿fdwlrq ehwzhhq jdphv
zkhuh wkh qrupdo rxwfrph lv sk|vlfdo ihdvleoh/ +wkh xqfrqvwudlqhg jdphv, dqg zkhuh qrw +frq0
vwudlqhg jdphv,47=
￿ Zkhq wkh wudqvplvvlrq fdsdflw| n> dqg wkh surgxfwlrq frvwv f￿ duh odujh/ dqg wkh ghpdqg
lqwhufhsw d lv vpdoo/ +G￿ @ @3S￿
& lv vpdoo, wkh qrupdo rxwfrph zlwk lq￿qlwh wudqvplvvlrq lv
srvvleoh1 Wkh jdph lv xqfrqvwudlqhg1
￿ Zkhq wudqvplvvlrq fdsdflw| n/ dqg surgxfwlrq frvwv f￿ duh vpdoo/ dqg ghpdqg lqwhufhsw d lv
odujh/ +G￿ @ @3S￿
& lv odujh, wkh qrupdo Frxuqrw htxloleulxp lv sk|vlfdoo| qr orqjhu srvvleoh1
Wkh jdph lv frqvwudlqhg1
E| frpelqlqj wkhvh wzr glylvlrqv zh jhw 9 gl￿huhqw rxwfrphv +Vhh Iljxuh 5,1 Wr nhhs wkh
ghulydwlrqv vlpsoh zh zloo glvfxvv rqo| wkh gxrsro| fdvh +vkdghg duhd lq Iljxuh 5,1
47Wkh whup *frqvwudlqhg* lv rqo| xvhg wr fodvvli| wkh jdphv1 Lw lv suhpdwxuh wr ghgxfh iurp wklv fodvvl￿fdwlrq wkh
Qdvk htxloleulxp1 Zkhq wkh jdph lv xqfrqvwudlqhg/ wkh qrupdo htxloleulxp lv ihdvleoh1 Exw wklv grhv qrw phdq wkdw




D-i = 2 Di

























Iljxuh 5= Fodvvl￿fdwlrq ri wkh sdudphwhu vsdfh ￿ G= Iru vpdoo Gl wkh jdph lv frqvwudlqhg/ iru odujh Gl wkh
jdph lv xqfrqvwudlqhg1
Ruhq*v +4<<:, prgho Wklv prgho looxvwudwhv wkh sureohpv |rx fdq h{shfw zkhq wkh uroh ri wkh
V|vwhp Rshudwru lv qrw h{solflwo| lqfrusrudwhg lq wkh ghvfulswlrq ri wkh jdph1 Lq Ruhq*v prgho/
hdfk jhqhudwru pd{lpl}hv klv sur￿w ixqfwlrq ￿￿/ wdnlqj wkh rxwsxw ri wkh rwkhu sod|hu dv jlyhq148
pd{
’￿
￿￿ @ T￿ ￿ ￿+T, ￿ F￿ ￿ T￿ +44,
vxemhfw wr
[
T￿ ￿ 4 +45,
Wkh frqvwudlqw vshfl￿hv wkdw wrwdo rxwsxw pxvw eh vpdoohu wkdq wkh wudqvplvvlrq fdsdflw|1 Lq
klv irupxodwlrq d wudqvplvvlrq sulfh lv qrw lqfoxghg dqg wkh V|vwhp Rshudwru lv ri qr lpsruwdqfh1
Ruhq vroyhv wkhvh htxdwlrqv iru wkh v|pphwulf gxrsro| +G￿ @ G3￿ @ Gr+6,1 Kh dujxhv wkdw
ehfdxvh ri v|pphwu| wkh sod|huv fkrrvh wkh vdph rxwsxw T￿ @ T3￿ @ Tr+61 Zkhq wkh jdph
lv qrw frqvwudlqhg + Gr+6 ? ￿
2, wkh| sod| wkh qrupdo Frxuqrw rxwfrph1 Zkhq wkh jdph lv












48Zh zloo uhvwulfw Ruhq*v prgho wr d fdvh zlwk wzr sod|huv zlwk frqvwdqw pdujlqdo frvwv dqg d olqhdu ghpdqg
ixqfwlrq1
43Wkh sulfh iru wkh frqvxphuv lv
￿@￿ + 5Tr+6, +47,
Lq htxloleulxp wkh jhqhudwruv uhvwulfw wkhlu rxwsxw wr wkh wudqvplvvlrq fdsdflw| n= Wkhuhiruh
wkh htxloleulxp wudqvplvvlrq sulfh lv htxdo wr }hur
S @3 +48,
Ruhq vwdwhv wkdw wklv frqfoxvlrq lv frqvlvwhqw zlwk wkh Frdvh Wkhruhp=
111zklfk vxssruwv wkh dujxphqw wkdw lq wkh devhqfh ri wudqvdfwlrq frvwv 111 edujdlq0
lqj zloo fdswxuh doo wkh frqjhvwlrq uhqwv1
Sureohpv lq Ruhq*v prgho Wkh htxdwlrqv 44 dqg 45 gr qrw gh￿qh d vlqjoh0vwdjh jdph lq
wkh fodvvlfdo vhqvh/ ehfdxvh wkh sd|0r￿ ixqfwlrq ￿￿ lv qrw gh￿qhg rq wkh zkroh vwudwhj| vsdfh ri
wkh sod|huv1 Hdfk sod|hu fkrrvhv klv surgxfwlrq T￿ 5 Un1 Lq d vlpxowdqhrxv jdph d sod|hu grhv
qrw nqrz wkh dfwlrq wdnhq e| wkh rwkhu1 Wkhuhiruh/ d sod|hu fdq qrw eh vxuh wkdw kh uhvwulfwv klv
rxwsxw vxfk wkdw lw vdwlv￿hv htxdwlrq 451
Wkh sur￿w0ixqfwlrq xvhg e| Ruhq lv rqo| gh￿qhg rq wkh wuldqjoh=
i+T￿>T 3￿,m
S
T￿ ￿ 4j +49,
Lw lv krzhyhu qhfhvvdu| wr gh￿qh wkh sur￿w ixqfwlrq ￿￿ xsrq wkh zkroh vwudwhj| vsdfh Un2= Zh
kdyh wr gh￿qh wkh ehkdylru ri wkh V|vwhp Rshudwru zkhq jhqhudwruv zdqw wr xvh pruh wkdq wkh
dydlodeoh fdsdflw|1
Wkh frqfoxvlrq wkdw doo uhqw lv fdswxuhg e| wkh jhqhudwruv lv edvlfdoo| gxh wr wkh idfw wkdw wkh
V|vwhp Rshudwru lv qrw suhvhqw lq wkh jdph1 Lq uhdolw|/ wkh V|vwhp Rshudwru lv dovr d sod|hu dqg
ghshqglqj xsrq wkh vshfl￿f pdunhw vwuxfwxuh/ wkh vfduflw| uhqw lv fdswxuhg e| wkh jhqhudwruv ru
wkh V|vwhp Rshudwru1 Lq wkh qh{w vxevhfwlrq zh ghvfuleh wkh uroh ri wkh V|vwhp Rshudwru1 Wklv
doorzv xv wr frqvwuxfw d pruh frpsohwh vhw0xs ri wkh jdph1
617 Wkh Uroh ri wkh V|vwhp Rshudwru
Iurp qrz rq/ zh zloo pdnh d glvwlqfwlrq ehwzhhq wkh dfwxdo txdqwlw| ri hohfwulflw| surgxfhg T￿
dqg wkh txdqwlw| ri hohfwulflw| d jhqhudwru zrxog olnh wr surgxfh/ klv elg E￿1 D jhqhudwru lv qrw
doorzhg wr elg pruh wkdq wkh dydlodeoh fdsdflw|=
3 ￿ E￿ ￿ 4 +4:,
44Uhyhodwlrq jdph Zh fdq glvwlqjxlvk wzr urohv iru wkh V|vwhp Rshudwru= doorfdwlqj wudqvplvvlrq
fdsdflw| +vhwwlqj T￿,d q gvhwwlqj wudqvplvvlrq sulfhv +vhwwlqj S,1 Lq sulqflsoh/ wkh sulfh S dqg
wkh txdqwlw| T￿ ri hdfk jhqhudwru duh vhw e| wkh V|vwhp Rshudwru edvhg xsrq wkh elgv ri wkh
jhqhudwruv1 Wkhvh elgv vkrxog lqfoxgh sulfh lqirupdwlrq E
R
￿ dqg txdqwlw| lqirupdwlrq E￿= Wkh
txdqwlw| T￿ lv doorfdwhg xvlqj dq doorfdwlrq uxoh





dqg wkh wudqvplvvlrq sulfh S xvlqj d sulfh uxoh






















Iljxuh 6= +D1, Qrupdo uhyhodwlrq jdph1 Wkh jhqhudwruv jlyh sulfh dqg txdqwlw| lqirupdwlrq wr wkh V|vwhp
Rshudwru1 Xvlqj wklv lqirupdwlrq wkh txdqwlwlhv Tl duh doorfdwhg/ dqg wkh wudqvplvvlrq sulfh S
lv vhw1 +E1, H{rjhqrxv wudqvplvvlrq sulfh1 Jhqhudwruv elg txdqwlw| lqirupdwlrq wr wkh V|vwhp
Rshudwru/ zkr doorfdwhv wkh wudqvplvvlrq fdsdflw|1
Lq d Frxuqrw jdph wkh sod|huv kdyh rqh vwudwhjlf ydoxh/ wkh dprxqw ri hohfwulflw| wkh| zdqw
wr surgxfh +E￿,1 Hdfk jhqhudwru vxeplwv rqo| d txdqwlw| elg E￿> exw qr sulfh elg E
R
￿ 1 Ehfdxvh
qr sulfh lqirupdwlrq lv dydlodeoh lqvlgh wkh jdph/ zh vxssrvh wkdw wkh wudqvplvvlrq sulfh lv vhw e|
wkh V|vwhp Rshudwru ehiruh wkh jdph vwduwv1 Wudqvplvvlrq sulfh lv h{rjhqrxv wr wkh jdph/ l1h1
jhqhudwruv fdq qrw lq xhqfh wklv wudqvplvvlrq sulfh1
S @ Se%J} +53,
Vhh Iljxuh 61E1 Rqfh wkh wudqvplvvlrq sulfh lv vhw/ wkh jhqhudwruv vxsso| txdqwlw| elgv E￿ wr wkh
V|vwhp Rshudwru1 Kh zloo doorfdwh wkh wudqvplvvlrq wr wkh gl￿huhqw jhqhudwruv dffruglqj wr dq
45doorfdwlrq uxoh=
T￿ @ T￿+E￿>E 3￿,= +54,
Lq wkh uhpdlqlqj ri wklv sdshu/ zh vwxg| wzr gl￿huhqw doorfdwlrq uxohv dqg wzr gl￿huhqw sulfh
vhwwlqjv1 Lq vhfwlrq 7 wkh wudqvplvvlrq sulfh S lv }hur dqg lq vhfwlrq 8 wkh wudqvplvvlrq sulfh lv
uhjxodwhg e| wkh V|vwhp Rshudwru1
7 Qr Wudqvplvvlrq Sulfh
Lq wklv vhfwlrq wkh V|vwhp Rshudwru vhwv wkh wudqvplvvlrq sulfh S @3 = Zh zloo glvfxvv d prgho
zlwk xqiulhqgo| doorfdwlrq +d uhirupxodwlrq ri Ruhq/ 4<<:,/ dqg rqh zlwk sursruwlrqdo doorfdwlrq1














E￿= Zkhq wkh vxp ri wkh elgv lv vpdoohu wkdq wkh wudqvplvvlrq fdsdflw|/ jhqhudwruv
uhfhlyh wkhlu elg1 Krzhyhu/ zkhq ghpdqg h{fhhgv wkh dydlodeoh fdsdflw|/ wkh V|vwhp Rshudwru
iruelgv wkh xvh ri wkh olqh1 Zh zloo surri wkdw wklv jdph lv htxlydohqw wr wkh irupxodwlrq ri Ruhq1










￿ +E￿>E 3￿, lv wkh sur￿w ri wkh qrupdo jdph149
Uhdfwlrq Ixqfwlrq Hdfk jhqhudwru uhvwulfwv lwv rxwsxw lq rughu qrw wr euhdn wkh wudqvplvvlrq
frqvwudlqw ehfdxvh wklv jlyhv klp }hur sur￿w1 Jhqhudwru l zloo sod| wkh qrupdo uhdfwlrq fxuyh
E"
￿ +E3￿, dv orqj dv E"
￿ +E3￿,.E3￿ ￿ 4= Rwkhuzlvh/ kh zloo dgmxvw lwv elg lq rughu qrw wr euhdn
wkh frqvwudlqw E￿+E3￿,@4￿ E3￿= Wkh uhdfwlrq ixqfwlrq ehfrphv wkxv=
E￿+E3￿,@
;
A A A ?
A A A =




li E3￿ AG ￿ 3
li E3￿ ?G ￿
(￿3￿3￿
2
li E3￿ A 5 ￿ G￿ 4 ￿ E3￿
+57,
49Wkh *qrupdo* jdph lv wkh jdph zlwk lq￿qlwh wudqvplvvlrq fdsdflw|1 Wkh sur￿w ri wkh qrupdo jdph lv
￿
"
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i  = D
i  - B
-i 
2 B-i = Di  - Bi 
   Reaction Function 
Firm -i




Iljxuh 7= Fdvh D= Zkhq wkh wudqvplvvlrq fdsdflw| lv elj +Vpdoo Gl dqg G￿l, wkh qrupdo Frxuqrw Htxl0
oleulxp lv wkh htxloleulxp ri wkh jdph1 +Vkrzq= Gl @3 =;7> G￿l @4 =45 ,
Qdvk htxloleulxp Wkh lqwhuvhfwlrq ri erwk uhdfwlrq fxuyhv jlyhv wkh vhw ri Qdvk htxloleuld1 Zh
rewdlq wkh iroorzlqj w|shv ri Qdvk htxloleuld=
￿ Iru wkh xqfrqvwudlqhg gxrsro| +G￿ . G3￿ ￿ 6, wkh sod|huv zloo sod| wkh *qrupdo* Frxuqrw





Wklv rxwfrph lv uhsuhvhqwhg lq Iljxuh 7










Wkh ￿uvw frqglwlrq vshfl￿hv wkdw doo wudqvplvvlrq lv xvhg1 Wkh vhfrqg frqglwlrq vwdwhv wkdw
hdfk htxloleulxp pxvw olh ehorz wkh wzr qrupdo uhdfwlrq ixqfwlrqv1 +Vhh Iljxuh 81,
Wkh w|sh ri vroxwlrq ri wklv jdph lq ixqfwlrq ri ￿ G lv uhsuhvhqwhg lq Iljxuh 91 Iru ￿ G 5 D wkh









2 B-i = D -i - Bi 
2 B





   Reaction Function 
Firm -i




Iljxuh 8= Fdvh E= Zkhq wkh wudqvplvvlrq fdsdflw| lv vpdoo +elj Gl dqg G￿l, d olqh ri htxloleuld lv suhvhqw
+wkh olqh D0E,1 Srlqw F uhsuhvhqwv wkh qrupdo Frxuqrw htxloleulxp/ zklfk zrxog kdyh ehhq
sod|hg zlwk d odujhu wudqvplvvlrq fdsdflw|1 +Vkrzq= Gl @4 =93> G￿l @4 =;;,
Sursrvlwlrq 4 Wkh htxloleulxp frqfhsw ri Ruhq +gh￿qhg e| htxdwlrqv 44 dqg 45, lpsolflwo| dv0
vxphv d V|vwhp Rshudwru zkr vhwv wkh wudqvplvvlrq sulfh S @3 / dqg xvhv wkh xqiulhqgo| doorfdwlrq
uxoh1 +htxdwlrq 55,1
Wkh Qdvk htxloleulxp zh irxqg lq wklv jdph fdq eh vshfl￿hg dv=
EW




zkhuh wkh sur￿w ixqfwlrq ￿￿+E￿>E 3￿, lv gh￿qhg e| htxdwlrq 561 Ruhq*v htxloleulxp frqfhsw +htxd0
wlrqv 44 dqg 45, fdq eh zulwwhq dv=
EWW





Ehfdxvh doo htxloleuld ri htxdwlrq 5: vdwlvi|=
EW
￿ . EW
3￿ ￿ 4 +5<,
wkh| pxvw dovr eh d vroxwlrq ri htxdwlrq 5;1 Vlqfh erwk frqfhswv kdyh wkh vdph htxloleulxp/ wkh|
duh htxlydohqw irupxodwlrqv1 ￿
Qrwh 4 Ruhq lqfruuhfwo| dvvxphv wkdw wkh htxloleulxp lv v|pphwulf zkhq wkh jhqhudwruv kdyh wkh













Iljxuh 9= Lq uhjlrq D/ wkh qrupdo Frxuqrw rxwfrph lv wkh rqo| Qdvk htxloleulxp1 Lq uhjlrq E d olqh ri
Qdvk Htxloleuld lv suhvhqw1 Wkh srlqwv lq wkh ￿jxuh uhihuh wr wkh sdudphwhuv lq ￿jxuhv 7 dqg 81
+Vlqfh wkh ￿jxuh lv v|pphwulfdo duurxqg wkh 78 ghjuhhv olqh/ rqo| kdoi ri wkh ￿jxuh lv suhvhqwhg1,
715 Sursruwlrqdo Doorfdwlrq
Wkh xqiulhqgo| doorfdwlrq uxoh ri wkh suhylrxv vxevhfwlrq lv qrw uhdolvwlf/ vlqfh lw lv srolwlfdo qrw
lpsohphqwdeoh14: Wkhuhiruh/ zh orrn iru dq dowhuqdwlyh prgho1











E￿= Hdfk jhqhudwru uhfhlyhv klv elg zkhq wkhuh lv vx!flhqw wudqvplvvlrq fdsdflw|1
Zkhq ghpdqg h{fhhgv wkh fdsdflw| dydlodeoh/ wkh V|vwhp Rshudwru glylghv wkh txdqwlw| sursru0
wlrqdoo| wr wkh elgv1 Wudqvplvvlrq sulfh lv vwloo htxdo wr }hur +S @3 ,1
4:Ixuwkhupruh/ li zh zrxog prgho wkh vwudwhjlf ehkdylru ri wkh V|vwhp Rshudwru/ iruelgglqj wkh julg dffhvv zrxog
qrw eh d fuhgleoh wkuhdw dv lw zrxog ghfuhdvh zhoiduh1





+G￿ ￿ E, ￿ E￿ li E?4
+G￿ ￿ 4, ￿ ￿￿
￿ rwkhuzlvh
+64,
Uhdfwlrq ixqfwlrq Edvlfdoo|/ hdfk ￿up ghflghv wr euhdn +e, ru qrw wr euhdn +qe, wkh frqvwudlqw1
Zh zloo ghulyh wkh rswlpdo elgv +E?K
￿ dqg EK
￿, lq erwk fdvhv1 Wkh ￿up zloo fkrrvh wr euhdn ru qrw
wr euhdn zklfkhyhu jlyhv klp wkh kljkhvw sur￿w1
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+66,
￿ Euhdnlqj Li kh fkrrvhv wr euhdn kh pd{lpl}hv klv sur￿w e| sod|lqj EK
￿+E3￿,@4dqg kh


















Wkh uhdfwlrq ixqfwlrq ehfrphv +Vhh dsshqgl{,
E￿+E3￿,@
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Iljxuh := Fulwlfdo ydoxhv Efu
l +Gl, dv ixqfwlrq ri wkh sdudphwhu Gl= Iru Gl A 5 wkh jhqhudwru zloo dozd|v
euhdn1 Li Gl ? 4 wkh jhqhudwru zloo qhyhu euhdn1
Zh nqrz wkdw ESo
3￿ olhv xsrq wkh qrupdo uhdfwlrq fxuyh E￿ @
(￿3￿So
3￿
2 = Xvlqj htxdwlrq 6: dqg
holplqdwlqj G￿ zh jhw=
E￿ESo
3￿ . E￿ . ESo
3￿ @4 +6;,
Wklv htxdwlrq whoov xv wkh vl}h ri E￿ rq wkh qrupdo uhdfwlrq fxuyh zkhq ESo
3￿ uhdfkhv klv fulwlfdo
ydoxh1 Wklv uhodwlrq lv v|pphwulf lq E￿ dqg E3￿ dqg grhv qrw ghshqg xsrq G￿ dqg G3￿= Lw lv
d orfxv ri fulwlfdo srlqwv lq wkh ￿ E0vsdfh1 +Vhh dovr Iljxuhv ;/ < dqg 431, Wkh uhdfwlrq ixqfwlrqv









   Reaction Function 
Firm -i






2 B-i = D -i - Bi 
2 B
i  = D
i  - B
-i 
C
Iljxuh ;= Fdvh D= Iru odujh wudqvplvvlrq fdsdflwlhv wkh qrupdo Frxuqrw rxwrpfh lv wkh rqo| htxloleulxp1









   Reaction Function 
Firm -i








Iljxuh <= Fdvh E= Iru lqwhuphgldwh fdsdflwlhv wzr htxloleuld duh suhvhqw= wkh qrupdo frxuqrw htxloleulxp/
dqg wkh +euhdn/euhdn, htxloleulxp +Vkrzq= Gl @4 =37> G￿l @4 =65,1
Qdvk Htxloleulxp Wkh Qdvk htxloleulxp fdq eh irxqg dv wkh lqwhuvhfwlrq ri wkh wzr uhdfwlrq
ixqfwlrqv1 Lq wkh dsshqgl{ zh ghulyh wkh qxpehu dqg wkh w|sh ri wkh htxloleuld dv ixqfwlrq ri wkh
sdudphwhu ￿ G= Wkh uhvxowv duh vxppdul}hg lq Iljxuh 441 Lq uhjlrq D +odujh wudqvplvvlrq fdsdflw|,
wkh qrupdo Frxuqrw htxloleulxp lv wkh rqo| htxloleulxp1 +Vhh Iljxuh ;1, Lq uhjlrq E +lqwhuphgldwh
wudqvplvvlrq fdsdflw|, wzr htxloleuld h{lvwv= wkh qrupdo Frxuqrw htxloleulxp dqg wkh +euhdn/
euhdn, htxloleulxp zkhuh erwk sod|huv elg pd{lpdo fdsdflw|1 +Vhh Iljxuh <1, Lq uhjlrq F +vpdoo
wudqvplvvlrq fdsdflw|, rqo| wkh +euhdn/ euhdn, htxloleulxp h{lvwv1 +Vhh Iljxuh 431,
Zhoiduh dqdo|vlv Zh zloo frpsduh wkh zhoiduh ri wkh xqiulhqgo| doorfdwlrq phwkrg/ zlwk wkh
sursruwlrqdo doorfdwlrq phwkrg1
Iru uhjlrq D ri Iljxuh 44 erwk doorfdwlrq uxohv duh htxdoo| jrrg/ dv wkh| erwk uhvxow lqwr wkh
vdph htxloleulxp +wkh qrupdo Frxuqrw rxwfrph,1 Iru uhjlrq F￿ d olqh ri htxloleuld h{lvwv xqghu
wkh xqiulhqgo| doorfdwlrq uxoh1 Ghshqghqw rq zklfk htxloleulxp wkh jhqhudwruv frruglqdwh/ zhoiduh
fdq eh kljkhu ru orzhu1
Lq wkh uhjlrqv F￿>F 2> dqg E wkh jhqhudwruv fdq sod| wkh +euhdn/euhdn, htxloleulxp xqghu wkh
sursruwlrqdo doorfdwlrq/ exw wkh| zrxog sod| wkh qrupdo Frxuqrw htxloleulxp xqghu wkh xqiulhqgo|
doorfdwlrq phwkrg14; Wklv kdv dq grxeoh h￿hfw rq zhoiduh= Zlwk sursruwlrqdo doorfdwlrq/ wkh
4;Xqghu wkh sursruwlrqdo doorfdwlrq sod|huv fdq dovr fr0ruglqdwh rq wkh qrupdo Frxuqrw rxwfrph lq uhjlrq ￿/l q
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Iljxuh 43= Fdvh F= Iru vpdoo wudqvplvvlrq fdsdflwlhv +euhdn/ euhdn, lv wkh rqo| htxloleulxp1 Vhh srlqw G1
Wkh qrupdo Frxuqrw rxwfrph +srlqw F, lv whfkqlfdoo| ihdvleoh/ exw lw lv qrw dq htxloleulxp1
+Vkrzq= Gl @4 =55> G￿l @4 =83,
jhqhudwruv hqg xs surgxflqj pruh ehfdxvh wkh| kdyh dq lqfhqwlyh wr elg kljkhu1 Dv d frqvhtxhqfh
wkh hohfwulflw| sulfh lv orzhu dqg frqvxphuv* vxusoxv lv odujhu1 Rq wkh rwkhu kdqg/ wkh surgxfwlrq ri
hohfwulflw| lv ohvv h!flhqw dv lq wkh qrupdo Frxuqrw rxwfrph wkh orz frvw jhqhudwru surgxfhv pruh
wkdq wkh kljk frvw jhqhudwru/ exw surgxfh wkh vdph txdqwlw| lq wkh +euhdn/euhdn, htxloleulxp1
Wkh qhw zhoiduh h￿hfw ghshqgv wkxv rq wkh frvw gl￿huhqfh ehwzhhq wkh wzr jhqhudwruv1 Li wkh
wzr jhqhudwruv kdyh vlplodu frvwv +￿ G forvh wr wkh 78￿ olqh, wkh orvv ri h!flhqf| lq surgxfwlrq
lv vpdoo1 Rq wkh frqwudu|/ zkhq wkh surgxfwlrq frvwv ri wkh wzr jhqhudwruv duh yhu| gl￿huhqw/
h!flhqf| orvvhv duh kljk1 Lq wkh Dsshqgl{ zh vkrz wkdw lq uhjlrq E￿ dqg lq F￿ wkh sursruwlrqdo
doorfdwlrq lv suhihuuhg/ zkhuhdv lq F2 dqg E2 wkh xqiulhqgo| doorfdwlrq rxwshuirupv11
8 Uhjxodwhg Wudqvplvvlrq Sulfh
Lq wkh suhylrxv vhfwlrq zh orrnhg dw jdphv zkhuh wkh wudqvplvvlrq sulfh S zdv vhw htxdo wr }hur1
Lq wklv vhfwlrq zh zloo orrn iru dq dowhuqdwlyh dvvxpswlrq iru wkh wudqvplvvlrq sulfh1
Krz zloo dq h{rjhqrxv wudqvplvvlrq sulfh lq xhqfh wkh rxwfrph ri wkh jdphB Lq wkh suhvhqfh
ri d wudqvplvvlrq sulfh/ wkh sur￿w ri wkh jhqhudwruv ehfrphv=
￿￿ @+ G￿ ￿ S ￿ T, T￿= +6<,

















Iljxuh 44= Lq uhjlrq D/ wkh qrupdo Frxuqrw jdph lv wkh rqo| Qdvk htxloleulxp1 Lq uhjlrq E erwk wkh
qrupdo/ dqg wkh +euhdn/ euhdn, htxloleulxp duh srvvleoh1 Lq uhjlrq F rqo| +euhdn/ euhdn, lv
dq htxloleulxp1 +Vlqfh wkh ￿jxuh lv v|pphwulfdo duurxqg wkh 78 ghjuhhv olqh/ rqo| kdoi ri wkh
￿jxuh lv suhvhqwhg1, Wkh srlqwv lq wkh ￿jxuh uhihuh wr wkh h{dpsohv lq ￿jxuhv ;/< dqg 431
hdfk jhqhudwru1 Wkdw lv/ wkh jdph zlwk frpshwlwlyhqhvv sdudphwhu ￿ G dqg wudqvplvvlrq sulfh S
lv lghqwlfdo zlwk d jdph zlwk frvw sdudphwhu ￿ GW @ ￿ G ￿ +S>S, zlwkrxw wudqvplvvlrq sulfh14<
Wkhuhiruh/ zh fdq dsso| wkh wkhru| ri wkh suhylrxv vhfwlrq rq ￿ GW=
Vwloo zh glg qrw gh￿qh krz zh vhw wkh wudqvplvvlrq sulfh S1 Zh fkrrvh wkh orzhvw srvvleoh
wudqvplvvlrq sulfh S iru zklfk wkh jhqhudwruv sod| wkh qrupdo Frxuqrw htxloleulxp1
Lq wkh qh{w wzr vxevhfwlrqv zh glvfxvv wkh xqiulhqgo| dqg wkh sursruwlrqdo doorfdwlrq uxohv1
4<Lq wkh O (0vsdfh/ wkh yhfwru O ( vkliwv sdudooho zlwk wkh 78
￿ olqh/ ehfdxvh wkh jhqhudwruv duh fkdujhg wkh vdph
wudqvplvvlrq sulfh1 +Wklv lv h{dfwo| zkdw kdshqhg lq wkh h{dpsohv ri wkh suhylrxv vhfwlrq1 Wkh gl￿huhqw ￿jxuhv fdq
wkxv dovr uhsuhvhqw jdphv zlwk wkh vdph frpshwlwlyhqhvv sdudphwhu O ( exw zlwk gl￿huhqw wudqvplvvlrq sulfhv ￿1,
54814 Xqiulhqgo| Doorfdwlrq





E￿ li E ￿ 4
3 rwkhuzlvh
+73,
Wkh vroxwlrq ri wklv jdph zlwk }hur wudqvplvvlrq sulfh lv suhvhqwhg lq Iljxuh 451 Lq uhjlrq D
zh kdyh rqh xqltxh htxloleulxp= wkh qrupdo Frxuqrw rxwfrph/ lq uhjlrq E zh ￿qg dq lqwhuydo ri
Qdvk htxloleuld1
Dvvxph wkdw zh fkrrvh wkh orzhvw srvvleoh wudqvplvvlrq sulfh S iru zklfk wkh jhqhudwruv sod|
wkh qrupdo Frxuqrw htxloleulxp1 Zh vkliw grzq iurp dq htxloleulxp G lq wkh uhjlrq E xqwlo zh
uhdfk uhjlrq D +Vhh htxloleulxp GW lq wkh ￿jxuh,1 Wkh vl}h ri wkh krul}rqwdo dqg wkh yhuwlfdo vkliw

















Iljxuh 45= Htxloleulxp w|sh ri wkh jdph zlwk wkh xqiulhqgo| V|vwhp Rshudwru1 Wkh frpshwlwlyhqhvv
sdudphwhu ri wkh jhqhudwruv lv ￿ G= Wkh wudqvplvvlrq sulfh S lv lqfuhdvhg xqwlo wkh qrupdo
Frxuqrw jdph ehfrphv srvvleoh1 Wkh dssduhqw frpshwlwlyhqhvv ehfrphv ￿ G￿=
55Qxphulfdoo|/ zh orrn iru d S vxfk wkdw GW
￿ .GW




+G￿ . G3￿ ￿ 6, +74,







Xvlqj wkh gh￿qlwlrq ri GW




+G￿ ￿ G3￿ .4 , +76,
Olqn zlwk wkh prgho ri Vphhuv dqg Zhl 4<<:1 Lq wklv vxevhfwlrq zh ￿qg wkh vdph htxl0
oleulxp dv Vphhuv dqg Zhl +4<<:,1 Krzhyhu/ wkh| xvh d gl￿huhqw irupxodwlrq1 Lq wkhlu prgho wkh
jhqhudwruv duh *ljqrudqw* dqg gr qrw uhdol}h wkdw wkhuh lv d wudqvplvvlrq frqvwudlqw1
Zh zloo vnhwfk wkh prgho ri Vphhuv dqg Zhl1 Hdfk jhqhudwru pd{lpl}hv klv sur￿w/ wdnlqj wkh
rxwsxw ri wkh rwkhu jhqhudwru T3￿ dqg wkh wudqvplvvlrq sulfh S dv jlyhq
pd{
’￿
￿￿ @+ G￿ ￿ S ￿ T, T￿= +77,
Hdfk ￿up wkhq kdv d uhdfwlrq ixqfwlrq T￿ @ T￿+G￿>S>T 3￿,= Wkh lqwhuvhfwlrq ri wkhvh uhdfwlrq
ixqfwlrqv lv wkh Qdvk htxloleulxp= TW
￿+G￿>G 3￿>S,= Wkh wudqvplvvlrq sulfh lv vhw e| wkh V|vwhp




Dv wkh jhqhudwruv gr qrw euhdn wkh frqvwudlqw/ wkh V|vwhp Rshudwru grhv qrw qhhg dq doorfdwlrq
uxoh1
Sursrvlwlrq 5 Zkhq wkh V|vwhp Rshudwru vhwv wkh wudqvplvvlrq sulfh rswlpdo vxfk wkdw wkh wudqv0
plvvlrq frqvwudlqw lv qrw eurnhq/ wkh prgho zlwk ljqrudqw jhqhudwruv/ zkr gr qrw uhfrjql}h wklv
frqvwudlqw/ lv htxlydohqw wr wkh prgho zlwk udwlrqdo jhqhudwruv dqg dq xqiulhqgo| doorfdwlrq uxoh1
D surri lv wulyldo dqg zrxog iroorz wkh vdph olqhv dv sursrvlwlrq 41 ￿
Wkh irupxodwlrq ri Vphhuv dqg Zhl ri wkh htxloleulxp uholhv rq wkh dvvxpswlrq ri wkh jhqhudwruv
ehkdylqj *ljqrudqw*1 Wkhlu htxloleulxp frqfhsw lv qrw wkh Qdvk htxloleulxp ri d jdph1 E| dgglqj
wkh xqiulhqgo| doorfdwlrq uxoh wkhlu frqfhsw ehfrphv wkh Qdvk htxloleulxp ri d jdph1
53Zh dvvxph wkdw zlwk wkh rswlpdo wudqvplvvlrq sulfh ￿/ zh zloo qrw duulyh lq wkh gh0idfwr prqrsro| fdvh1
56815 Sursruwlrqdo doorfdwlrq
Zh uhshdw wkh vdph surfhgxuh iru wkh sursruwlrqdo doorfdwlrq uxoh1 Zh lqfuhdvh wkh wudqvplvvlrq
sulfh xqwlo wkh qrupdo Qdvk htxloleulxp lv ihdvleoh1 Wkh htxloleulxp vkliwv iurp G wr wkh srlqw
GW1 Vhh ￿jxuh 461











Vshfldo Fdvh= Zkhq wkh frvw gl￿huhqfh ehwzhhq wkh jhqhudwruv lv vpdoo +G￿ * G3￿,w k h
wudqvplvvlrq sulfh fdq eh dssur{lpdwhg e| S @ ￿4=57.
(￿n(3￿
2 . ￿



















Iljxuh 46= Htxloleulxp w|sh ri wkh jdph zlwk sursruwlrqdo doorfdwlrq1 Wkh frpshwlwlyhqhvv sdudphwhu
ri wkh jhqhudwruv lv ￿ G= Wkh wudqvplvvlrq sulfh S lv lqfuhdvhg xqwlo wkh qrupdo Frxuqrw jdph
ehfrphv srvvleoh1 Wkh dssduhqw frpshwlwlyhqhvv lv wkhq ￿ G￿1
Frpsdulqj wkh wzr prghov zlwk uhjxodwhg wudqvplvvlrq sulfhv1 Lq htxloleulxp/ wkh
wudqvplvvlrq sulfh lv kljkhu zlwk sursruwlrqdo doorfdwlrq wkdq zlwk xqiulhqgo| doorfdwlrq1 Xqghu
57sursruwlrqdo doorfdwlrq wkh wudqvplvvlrq sulfh htxdov






+G￿ ￿ G3￿,2 +7:,





D frqvhtxhqfh ri wklv kljkhu wudqvplvvlrq sulfh lv wkdw lq htxloleulxp/ zh gr qrw xvh doo wkh
dydlodeoh wudqvplvvlrq fdsdflw| zlwk wkh sursruwlrqdo doorfdwlrq uxoh1 Ixuwkhupruh/ lw lv hdv| wr
vkrz wkdw zhoiduh lv orzhu xqghu wkh sursruwlrqdo doorfdwlrq uxoh154
9F r q f o x v l r q
914 Frqfoxvlrqv ri wkh sdshu
Wklv sdshu prghov Frxuqrw frpshwlwlrq lq dq hohfwulflw| pdunhw zlwk wudqvplvvlrq frqvwudlqwv1
Rqh ri wkh pdmru gl!fxowlhv lq wkh hohfwulflw| pdunhw lv wr dvvxuh wkdw jhqhudwruv zkr lqghshq0
ghqwo| ghflgh derxw wkhlu rxwsxw/ zloo qrw surgxfh pruh wkdq wkh dydlodeoh wudqvplvvlrq fdsdflw|1
Lq sudfwlfh/ wklv sureohp kdv ehhq vroyhg e| dvvljqlqj fhuwdlq ghflvlrqv wr d fhqwudo dxwkrulw|/ wkh
V|vwhp Rshudwru1 Lghqwli|lqj wklv vwuxfwxuh/ zh h{solflwo| prgho wkh uroh ri wkh V|vwhp Rshudwru1
Wkh V|vwhp Rshudwru udwlrqv wkh wudqvplvvlrq fdsdflw| dydlodeoh iru wkh jhqhudwruv xvlqj wzr
gl￿huhqw lqvwuxphqwv1 Lq wkh orqj uxq/ kh fdq vhw wkh wudqvplvvlrq sulfh1 Lq wkh vkruw uxq/ kh fdq
lpsrvh txdqwlw| uhvwulfwlrqv rq wkh rxwsxw ri wkh jhqhudwruv xvlqj dq doorfdwlrq uxoh1
E| vshfli|lqj wkh grxeoh uroh ri wkh V|vwhp Rshudwru zh ghyhors d vlqjoh iudphzrun wkdw fdq
eh dssolhg wr wkh gl￿huhqw prghov irxqg lq wkh olwhudwxuh1 Lq wklv iudphzrun zh vwxg| d gxrsro|
ri wzr jhqhudwruv zlwk frqvwdqw pdujlqdo frvwv1 D wudqvplvvlrq olqh zlwk d ￿{hg fdsdflw| frqqhfwv
wkhvh jhqhudwruv zlwk frqvxphuv/ zkr kdyh d olqhdu ghpdqg ixqfwlrq1 Zh qrupdol}h wkh jdph
vxfk wkdw wkh wudqvplvvlrq fdsdflw| htxdov rqh1
Wkh ￿uvw prgho zh lqyhvwljdwh lv Ruhq +4<<:,1 Dv zh gr qrw djuhh zlwk wkh dvvxpswlrqv kh
pdnhv/ zh ghyhors dq dowhuqdwlyh prgho1 Wklv prgho vkhgv vrph oljkw rq wkh frqwuryhuv| zkhwkhu
wkh jhqhudwruv uhfhlyh ru qrw uhfhlyh doo wkh frqjhvwlrq uhqw1 Lq wkh odvw sduw ri wkh sdshu zh
lpsrvh d uhjxodwhg wudqvplvvlrq sulfh dqg orrn krz wkh htxloleulxp fkdqjhv1
54Frxqwudu| h￿hfwv zrun= zlwk sursruwlrqdo doorfdwlrq wkh wd{ uhyhqxh lqfhdvhv exw frqvxphuv vxusoxv dqg sur0
gxfhuv vxusoxv ghfuhdvh +ghvslwh wkh idfw wkdw wkh surgxfwlrq pl{ ehfrphv pruh h!flhqw ehfdxvh wkh orz frvw ￿up
surgxfhv uhodwlyho| pruh,1
58Frqwuryhuv|= gr wkh jhqhudwruv uhfhlyh doo frqjhvwlrq uhqw1 Mrvnrz dqg Wluroh +4<<;,
dujxh wkdw wkh wudqvplvvlrq sulfh lv htxdo wr }hur dv orqj dv qrw doo wkh fdsdflw| lv xvhg e|
wkh jhqhudwruv155 Exloglqj xsrq wkh prghov ri Vwriw +4<<:/ 4<<<, dqg Ruhq +4<<:,/ zkhuh wkh
jhqhudwruv uhvwulfw wkhlu rxwsxw wr wkh dydlodeoh fdsdflw|/ wkh| frqfoxgh wkdw wkh wudqvplvvlrq
sulfh lv }hur dqg wkdw jhqhudwruv uhfhlyh doo wkh vfduflw| uhqw1 Zh vkrz wkdw wkhvh uhvxowv duh gxh
wr wkh vshfl￿f dqg lpsodxvleoh uroh wkdw Ruhq dqg Vwriw dvvljq wr wkh V|vwhp Rshudwru1
41 Lw lv qrw wuxh wkdw wkh jhqhudwruv zloo dozd|v uhvwulfw wkhlu jhqhudwlrq wr wkh dydlodeoh wudqv0
plvvlrq fdsdflw|1 Lq d yduldwlrq ri Ruhq*v prgho/ wkh V|vwhp Rshudwru vhwv wudqvplvvlrq
sulfh htxdo wr }hur dqg xvhv d sursruwlrqdo doorfdwlrq uxoh1 Lq wklv jdph/ wkh jhqhudwruv gr
qrw uhvwulfw wkhlu elgv iru wkh xvh ri wkh wudqvplvvlrq olqh1
51 Lq rxu iudphzrun zh glvhqwdqjoh wkh sulfh vhwwlqj dqg wkh doorfdwlrq ri wkh wudqvplvvlrq
fdsdflw|1 Dv d frqvhtxhqfh/ wkhuh lv qr gluhfw uhodwlrq ehwzhhq wkh xvh ri wudqvplvvlrq
fdsdflw| dqg wkh uhvxowlqj wudqvplvvlrq sulfh1 Hyhq zkhq wkh zkroh fdsdflw| lv xvhg/ wkh
wudqvplvvlrq sulfh fdq eh }hur1
61 Zh uhmhfw wkh frqfoxvlrq wkdw wkh frqjhvwlrq uhqw lv dozd|v fdswxuhg e| wkh jhqhudwruv1 Lq
rxu iudphzrun wklv lv rqo| ydolg zkhq wkh V|vwhp Rshudwru vhwv d wudqvplvvlrq sulfh htxdo
wr }hur1
915 Ixuwkhu Uhvhdufk
Zh vhh wkuhh pdmru wrslfv iru ixuwkhu uhvhdufk= hqgrjhql}lqj wkh wudqvplvvlrq sulfh/ wkh vwxg| ri
wkh ghfhqwudol}hg pdunhw/ dqg wkh lqyhvwljdwlrq ri wkh rswlpdo doorfdwlrq dqg sulfh uxoh1
Sulfh Vhwwlqj Wkh wudqvplvvlrq sulfhv duh h{rjhqrxv wr rxu prgho1 Ixuwkhu uhvhdufk vkrxog wu|
wr hqgrjhql}h wklv wudqvplvvlrq sulfh lq wkh prgho1
D ￿uvw rswlrq lv wr frqvlghu d uhshdwhg jdph zkhuh wkh V|vwhp Rshudwru dqg wkh jhqhudwruv
lqwhudfw uhjxoduo|1 Wkh V|vwhp Rshudwru ohduqv wkh frvwv ri wkh jhqhudwruv e| revhuylqj wkhlu
dfwlrqv lq wkh sdvw1 Zkhq wkh ixoo fdsdflw| lv ghpdqghg e| wkh jhqhudwruv/ wkh| vljqdo wkdw wkh
wudqvplvvlrq fdsdflw| lv vfdufh1 Wkh V|vwhp Rshudwru zloo wkhq lqfuhdvh wkh wudqvplvvlrq sulfhv
lq wkh qh{w urxqg1
Wkh jhqhudwruv zloo vljqdo zkhq wkh ehqh￿w ri xvlqj pruh ri wkh wudqvplvvlrq olqh/ h{fhhgv wkh
glvdgydqwdjh ri d kljkhu ixwxuh wudqvplvvlrq sulfh1 Xqghu fhuwdlq frqglwlrqv lw lv srvvleoh wkdw
55Mrvorz dqg Wluroh vwxg| wkh ydoxh ri ￿qdqfldo wudqvplvvlrq uljkwv1 Wkh ydoxh ri vxfk d uljkw lv sursruwlrqdo wr
wkh wudqvplvvlrq sulfh1
59wkh sod|huv duh qrw zloolqj wr vljqdo wkh vfduflw| ri wkh olqh1 Lq wkdw fdvh wkh wudqvplvvlrq sulfh lv
}hur/ dqg wkh jhqhudwruv uhfhlyh doo wkh vfduflw| uhqw1
Dq lqwhuhvwlqj txhvwlrq lv zkhwkhu wkh sursruwlrqdo doorfdwlrq uxoh dqg wkh xqiulhqgo| doorfdwlrq
uxoh zrxog jlyh d vlplodu uhvxow1 Xqghu wkh xqiulhqgo| doorfdwlrq uxoh wkh jhqhudwruv jhw rqo| d vpdoo
ehqh￿w zkhq wkh| vljqdo1 Wudqvplvvlrq sulfhv frxog ehfrph yhu| orz1 Xqghu wkh sursruwlrqdo
doorfdwlrq uxoh d sod|hu jhwv d odujhu ehqh￿w zkhq kh vljqdov1 Wudqvplvvlrq sulfhv fdq ehfrph
kljkhu1
Dqrwkhu rswlrq lv wr lqfoxgh sulfh elgv1 D uhdolvwlf prgho ri wkh hohfwulflw| pdunhw vkrxog lq0
foxgh erwk sulfh dqg txdqwlw| elgv e| wkh sod|huv1 Wkh V|vwhp Rshudwru wkhq vhwv wkh wudqvplvvlrq
sulfh edvhg xsrq wklv sulfh dqg txdqwlw| elgv1
Ghfhqwudol}hg Pdunhw Iru wklv lvvxh/ zh zrxog frqvlghu d wkuhh vwdjh jdph1 Lq wkh ￿uvw vwdjh/
sod|huv vxeplw wr wkh V|vwhp Rshudwru krz pxfk wkh| zrxog olnh wr surgxfh1 Lq wkh vhfrqg vwdjh/
wkh V|vwhp Rshudwru doorfdwhv wkh dydlodeoh fdsdflw| wr wkh jhqhudwruv/ xvlqj dq doorfdwlrq uxoh1
Lq wkh fhqwudol}hg pdunhw/ wkh jhqhudwruv duh reoljhg wr xvh wkh txdqwlw| wkh| rewdlqhg iurp wkh
V|vwhp Rshudwru lq wkh ￿qdo vwdjh1
Lq d ghfhqwudol}hg pdunhw/ wkh jhqhudwruv ghflgh lq wkh ￿qdo vwdjh krz pxfk wkh| zloo xvh ri
wkh wudqvplvvlrq fdsdflw| wkh| uhfhlyhg/ exw wkh| kdyh wr sd| wkh wudqvplvvlrq sulfh iru wkh ixoo
txdqwlw| wkh| rewdlqhg1
Rswlpdo Uxohv D frpsohwh zhoiduh dqdo|vlv ri wkh gl￿huhqw doorfdwlrq uxohv zdv qrw frqgxfwhg
lq wklv sdshu/ exw uhpdlqv dq rswlrq iru ixuwkhu uhvhdufk1 Zklfk uxoh rxwshuirupv dqrwkhu/ ghshqgv
xsrq wkh frvw sdudphwhuv ri wkh wzr ￿upv1 Lq rughu wr irupxodwh d srolf| uhfrpphqgdwlrq/ zh
qhhg wr nqrz wkh glvwulexwlrq ri wkh frvw vwuxfwxuh ri wkh ￿upv1
Zh gr qrw xvh wkh wkhru| ri phfkdqlvp ghvljq wr gh￿qh wkh rswlpdo doorfdwlrq uxoh wkdw
pd{lpl}hv zhoiduh1 Wklv dv zhoo/ frxog eh dq duhd ri ixuwkhu uhvhdufk1
D H{whuqdolwlhv lq hohfwulflw| qhwzrunv1
Wudqvplvvlrq frqvwudlqwv lq xhqfh wkh pdunhw srzhu lq wzr gl￿huhqw zd|v= e| vsolwwlqj xs wkh
pdunhw lqwr wzr vxe pdunhwv/ dqg e| wkh fuhdwlrq ri frpshwlwlrq iru d vfdufh wudqvplvvlrq fdsdflw|1
+Vhh dovr Irrwqrwh 45,1 Wkhvh wzr h￿hfwv fdq eh uhfrjql}hg lq d prgho zlwk rqo| rqh wudqvplvvlrq
olqh dqg wzr jhqhudwruv1
Vsolwwlqj wkh pdunhw Zkhq zh sodfh wkh jhqhudwruv rq gl￿huhqw vlghv ri wkh olqh/ wudqvplvvlrq
ri hohfwulflw| fuhdwhv d srvlwlyh h{whuqdolw| iru wkh jhqhudwruv1 D jhqhudwru wudqvsruwlqj hohfwulflw|/
5:lqfuhdvhv wkh dydlodeoh fdsdflw| iru wkh rwkhu jhqhudwru/ ehfdxvh rqo| wkh qhw wudqvplvvlrq  rz
ghwhuplqhv li d olqh lv frqjhvwhg ru qrw156 Wklv jdph kdv ehhq vwxglhg e| Vwriw +4<<:, xvlqj
Frxuqrw ehkdylru1 Kh ghprqvwudwhv wkdw iru vpdoo wudqvplvvlrq fdsdflwlhv/ jhqhudwruv zloo qrw
hqwhu wkh rwkhu pdunhw/ dv wkh| zrxog ￿rshq wkh grru￿ iru wkhlu frpshwlwru1 Iru lqwhuphgldwh
fdsdflwlhv jhqhudwruv sod| d pl{hg vwudwhj|/ dqg iru odujh wudqvplvvlrq fdsdflwlhv wkh wudqvplvvlrq
frqvwudlqw grhv qrw lq xhqfh wkh pdunhw htxloleulxp dqg wkh| sod| wkh qrupdo Frxuqrw rxwfrph1
Frpshwlwlrq ri vfdufh fdsdflw| Zkhq zh sodfh wkh jhqhudwruv rq wkh vdph vlgh ri wkh olqh
wkh| duh ulydov iru wkh wudqvplvvlrq fdsdflw| dqg iru wkh hohfwulflw| pdunhw1 Zkhq d jhqhudwru xvhv
wkh wudqvplvvlrq olqh/ kh fuhdwhv d qhjdwlyh h{whuqdolw| ehfdxvh kh ghfuhdvhv wkh dydlodeoh fdsdflw|
iru klv frpshwlwru1 Wklv lv wkh vhwwlqj xvhg lq wklv sdshu1
ES u r r i v
Lq wklv vxevhfwlrq zh glvfxvv vrph ri wkh orqjhu ghulydwlrqv1 Iluvw zh ghulyh wkh uhdfwlrq ixqf0
wlrq dqg wkh Qdvk htxloleulxp dqg wkh uhjxodwhg wudqvplvvlrq sulfh lq d jdph zlwk sursruwlrqdo
doorfdwlrq uxoh1 Wkhq zh frpsduh wkh zhoiduh ri wkh +Euhdn/ Euhdn, htxloleulxp zlwk wkh qrupdo
Frxuqrw htxloleulxp1
E14 Uhdfwlrq ixqfwlrq




zlwk I+E3￿, wkh iroorzlqj ixqfwlrq gh￿qhg rq wkuhh uhjlrqv U￿>U 2/ dqg U￿=
I+E3￿,@
;
A A A ?
A A A =
￿3(￿
￿n￿3￿ li +G￿>E 3￿, 5 U￿
￿
e+G￿ ￿E3￿,2 . ￿3(￿
￿n￿3￿ li +G￿>E 3￿, 5 U2
+G￿ ￿ 4, ￿ +4 ￿ E3￿,2 . ￿3(￿
￿n￿3￿ li +G￿>E 3￿, 5 U￿
+7<,
zlwk U￿>U 2>U ￿ ￿ Un ￿ ^3>4‘ =
U￿ @ i+G￿>E 3￿,m E3￿ ? 5 ￿ G￿ dqg E3￿ AG ￿j +83,
U2 @ i+G￿>E 3￿,m E3￿ ? 5 ￿ G￿ dqg E3￿ ?G ￿j +84,
U￿ @ i+G￿>E 3￿,m E3￿ A 5 ￿ G￿ j +85,
56Wzr hohfwulflw|  rzv lq rssrvlwh gluhfwlrqv fdqfho hdfk rwkhu rxw1 Sk|vlfdoo| rqo| wkh qhw  rz ri hohfwulflw| lv
wudqvsruwhg1 Vxssrvh iru h{dpsoh wkdw d jhqhudwru zrxog olnh wr vhqg 433 PZ iurp D wr E/ dqrwkhu jhqhudwru 83
PZ iurp E wr D dqg wkdw wkh fdsdflw| ri wkh olqh lv :3 PZ1 Dv wkh qhw hohfwulflw|  rz lv rqo| 83 PZ iurp D wr
E/ wklv  rz lv sk|vlfdo ihdvleoh1
5;Vroylqj iru wkh vljq ri I+E3￿>G￿, wkh iroorzlqj uhdfwlrq ixqfwlrq uhvxowv=
E￿+E3￿,@
;
A A A A A A ?
A A A A A A =
E?K




￿ +E3￿, li E3￿ ?E ￿
3￿
EK
￿+E3￿, li E3￿ AE ￿
3￿
iru +G￿>E 3￿, 5 U2
EK











￿ .9 G￿ ￿ :
￿
+87,
Wklv lv htxlydohqw zlwk htxdwlrq 69 dqg 6:1
E15 Qdvk Htxloleulxp
Dv d ￿uvw vwhs zh vhdufk Qdvk Htxloleuld zkhuh rqh ri wkh sod|huv euhdnv1 Vxssrvh wkdw sod|hu ￿l
euhdnv +E3￿ @4 ,1 Wklv lv d Qdvk Htxloleulxp li E3￿+E￿+4,, @ 4= Wkh rswlpdo uhdfwlrq ri sod|hu l





4 li G￿ A 4
3 li G￿ ? 4
+88,
Wkh rswlpdo dfwlrq ri sod|hu ￿l wr wklv uhdfwlrq lv=
E3￿+E￿+4,, @
;
A A A A A A ?
A A A A A A =
4 li G￿ A 4dqg G3￿ A 4
3 li G￿ A 4 dqg G3￿ ? 4
4 li G￿ ? 4dqg G3￿ A 5
(￿3￿3￿




￿ GmG￿ A 4 dqg G3￿ A 4
r







zh ￿qg wkh iroorzlqj Fruroodulhv=
Fruroodu| 6 Zkhq ￿ G 5 V￿ sod|lqj ￿ EW @+ 4 >4, lv d Qdvk Htxloleulxp11
Fruroodu| 7 Zkhq +EW
￿ >EW
3￿, lv d Qdvk Htxloleulxp dqg EW
￿ @4, ￿ G 5 V dqg ￿ EW @+ 4 >4,1





3￿,1 Exw dv orqj dv wkh| gr qrw euhdn/ wkh uhdfwlrqv ixqfwlrqv ri wkh sursru0




























￿ nS (￿ 3 .
￿
1Rqo| wkh wklug urrw lv uhohydqw +l1h1 E(￿c￿
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3￿ ? 4 +8:,
Vxevwlwxwlqj G￿ dqg G3￿ iru EW
￿ dqg EW




￿ ￿8G￿G3￿ ￿ 5+G2
￿ .G2
3￿,.6 + G￿ . G3￿, ￿ < ? 3
r
+8;,
wkdw wkh htxloleulxp ri wkh qrupdo Frxuqrw jdph lv dq htxloleulxp ri wkh jdph zlwk sursruwlrqdo
doorfdwlrq1
Vxppdul}lqj zh ￿qg wkuhh gl￿huhqw uhjlrqv=
￿ Uhjlrq D @ V￿qV2 = zlwk wkh qrupdo Frxuqrw htxloleulxp/
￿ Uhjlrq E @ V￿_V2 = zlwk erwk qrupdo Frxuqrw rxwfrph dqg wkh +Euhdn/Euhdn, htxloleulxp/
￿ dqg uhjlrq F @ V2qV￿ = zlwk wkh +Euhdn/Euhdn, htxloleulxp1
E16 H{rjhqrxv Wudqvplvvlrq sulfh1







3￿, ￿ <@3 +8<,
Vxevwlwxwlqj wkh gh￿qlwlrq ri GW
￿> zh ￿qg wkdw S lv wkh urrw ri=
S2 ￿ +G3￿ . G￿ .9,S ￿5+G2
3￿ . G2
￿,.8 G3￿G￿ .6 + G￿ . G3￿, ￿ < +93,












Zh frpsduh wkh zhoiduh ri wkh qrupdo Frxuqrw Htxloleulxp zlwk wkh +Euhdn/Euhdn, htxloleulxp
Wrwdo zhoiduh +z, lv wkh vxp ri frqvxphuv vxusoxv ￿
2t2 dqg surgxfhuv vxusoxv +d￿t,t￿f￿t￿￿f3￿t3￿=
Qrupdol}hg zhoiduh + Z @ ￿
&2, ehfrphv=




Wrwdo zhoiduh lq wkh qrupdo Frxuqrw htxloleulxp +T￿ @
2(￿3(3￿
￿ dqg T3￿ @
2(3￿3(￿















+G￿ . G2 ￿ 4, +97,
Lq wkh vhw V￿ @
q
￿ G
￿ ￿Z?+G￿>G 3￿, ￿ Z￿+G￿>G 3￿, A 3
r
wkh qrupdo Frxuqrw rxwfrph jlyhv d
kljkhu zhoiduh wkdq wkh sursruwlrqdo doorfdwlrq1 Wkh uhjlrqv E￿cE2>F ￿ dqg F2 gudzq lq Iljxuh
44 duh gh￿qhg dv E￿ @ E _ V￿> F￿ @ F _ V￿> E2 @ EqV￿ dqg F2 @ FqV￿1
1
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